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ABSTRACT

_/ In this paper, the authors investigate Edgeworth type expansions of
certain transformations of some statistics of Gaussian ARMA processes.

They also investigated transformations which will make the second order

part of the Edgeworth expansions vanish. Some numerical studies are made
and they show that the above transformations give better approximations

than the usual approximation. ,—___ .
~

Key words: Edgeworth expansion, Fisher's z transformation, Gaussian ARMA
process, maximum likelihood estimator, periodogram, quasi-

maximum 1ikelihood estimator, spectral density.
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1
1. INTRODUCTION

In the area of multivariate analysis several authors have considered
transformations of statistics which are based upon functions of the ele~
ments of sample covariance matrix, and derived the Edgeworth expansions
of the transformed statistics. Konishi (1978) gave a transformation of
the sample correlation coefficient which extinguishes a part of the second
order terms of the Edgeworth expansion. Also, Konishi (1981) discussed
the transformations of a statistic based upon the elements of the sample
covariance matrix which extinguish the second order terms of the Edgeworth
expansions. Furthermore Fang and Krishnaiah (1982) gave Edgeworth expan-
sions certain functions of the elements of noncentral Wishart matrix; they
also obtained analogous results for functions of the ;1ements of the sample

covariance matrix when the underlying distribution is a mixture of multivariate
distributions.

The objéﬁt of this paper is to study the accuracy of Edgeworth type
expansions of certain transformations of .some statistics which arise in

time series. The results in this paper are useful in drawing inference on the

parameters of the spectral density when the model is additive and the ob-

servations consist of the sum of noise and signal components and these <‘gnals

form ARMA processess. A description of the contents of this paper is given below.
Let {Xt} be a Gaussian ARMA process with the spectral density fe(x),

where 8 is an unknown parameter. Suppose that a stretch X1 = (X oees Xp)!

of {X,} is available: Taniguchi ((1983), (1986)) gave the Edgeworth ex-

pansions of the maximum likelihood estimator EML and the quasi-maximum

~

1ikelihood estimator o e Of 8- Suppose that a function g(8) is smooth

q
with respect to 8. Also, let

Vp = /TITET {g(e4) - gl6) - $3/4'(5)

vhere 8, is the SML or aqML, and I(e) is the Fisher information, and c is

a constant. Then we can give the Edgeworth expansion of vT such as

.............
..................................
............................................
.............................
......................................
.............................................

---------
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PalVr < x} = &(x) " ¢(x){a;(g',9"",c,8)x

+ az(g',g",c,e)} + 0(T°]), (1.1)
where ¢(x) and ¢{x) are the standard normal distribution function and its

first derivative, respectively. Then we set

a,(g',9'",c,0) = 0, (1.2)

a,(g',g"" ,c,8) = 0. (1.3)

Solving the above differential equations we can givé the normalizing

transformation g and the constant c¢ which make
T -1
PV < x} = a(x) + 0(T7'). (1.4)

Some interesting examples will be given. Suppose that {Xt} is an ARMA

(p,q) process with spectral density

q X .
p 1 (=81 - se™™)
fo(1) = 5= & : — (1.5)
11~ ae ™ -ae
j=1 J J

where u],...,ap, B],...,B are real numbers such that laj|<1, J=l, ey

q

lsj(<1, j=1,...,8. Suppose that a, is an unknown parameter (i.e., 6 = ak),

k

and that Apseeesy_ys ak+],...,ap, 31,...,Bq are known parameters, Then
for the raximum likelihood estimator ;k wL °f o) » the differential equations

(1.2) and (1.3) lead to

9(ay) = % Tog{(1 + o, )/(1 - a)1, (1.6)

which is Fisher's z-transformation and gives the normalizing transformation.

As for the maximum likelihood estimators Ek ML (k=1,...,9) and GSL

of |
Bk(k=1,...,q) and oz, respectively, it will be shown that

9(8,) = 8, (k=1,...,q) and g(o?) = (21!
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tively. Also, for the quasi-maximum likelihood estimators the normalizing

transformations will be given. In Section 4, the results of some numerical

studies will be given.
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2. PRELIMINARIES

We introduce Dy and Dapppr SPaces of functions on [-m,n] defined by

x

QA = {f: f(a) = 7§ alu)exp(-iur), a(u) = a(-u),

UYse=x

T lullatu)] <=,

u=-o
q -
| 7 a.e'd? 2
Doma = (Fr FA) = o Ljzo ! ’ (6% > o)}
ARMA 2n | P 12 0/t
! ija
| ] bse l
j%o
q .
In this latter expression p and q are positive integers, and A(z) = N asz
j=o0
p .
anc B(z) = 2 bsz are both bounded away from zero for |[z| <1
j=o0

We make the following assumptions.

V Assumption 1. {Xt} is a Gaussian stationary process with the spectral

density fe(x) £ SDARMA’ 8¢ Int o= R!, and mean 0, where 6 is a compact

set of R .

Assumption 2., The spectral density fe(x) is continuously three times diff-

erentiable with respect to 8, and the derivatives afe/ae, azfelaez and

3 3
3 fe/ae belong to 1%.

Assumption 3. If o, 4=92, then f, = f on a set of positive Lebesque

1 %
measure.,.

Assumption 4.

1 (", 3 2
/v [ {Eg log fe(k)} dx > 0.

-T

I(s) =

Suppose that a stretch Y. = (X1""’XT)' of the series {Xt} is

T
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available. Let XT be the covariance matrix of XT' The likelihood function

based on XT is given by

']/Zexp(-1/2 & L (2.1)

L(e) = (2712 s,

o
We define the maximum likelihood estimator éML of 6 by a value which maxi-

mizes L(8) with respect to 6 ¢ 0. Now we denote

TT‘ -
300 = - 5 | G, 0%, (0 e

2
1 ) ' 3 : -2
I E“{?e—?fe“)}{Efe(*)}{fe(”} da
and

v
- ()£, ()1 3.

1
K(e) = 5 J_, 88

1l

Then, from Taniguchi ((1983), (1986)) we have,

Lemma 2.1  Under Assumptions 1-4,

Pg{/'TI(ej (gML - 8) < x} = o(x)

i - ol + —= (F - 1)y + o(TTh,

‘~'.'_'.-, /T

" where

ko o, = - 36) +K(e) - 3d(8) + 2K(s)

o Pooae¥ TONE

Eﬁ§: o(x) = 1 exp x2 and &(x) Ix o(t)dt a
" @ — - ’ = .

;o = 2 -

i

If‘; As another estimator of 8 we use the quasi-maximum likelihood esti-
ro )

F"- mator eqML which maximizes the following quasi-likelihood

e

e p T2

.- E

:L-'_:_: l.r(e) Vi j=0‘“09 fe()\j) + IT(AJ)/fe()\J)},

: .

o

E;::‘-\ . R A

.{:; ..’l‘-'A .'_:i.f_‘:.:.g"g- Y "

2
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with respect to 8, where xj = 2tj/T, and

T ~itA
2
Z Xte

1
IT(Xj) = E;Tlt :

We set down
™

B(s) = 1’; [ {_%fe(x)}be(x){fe(x)}'zdx,

by (1) =2iw E Inly(n)e'™,
n=-m

where y(n) = Ee(XtXt+n). From Taniguchi (1983) we can get the following

lemma.

Lemma 2.2 Under Assumptions 1-4,

Pg{ViT(ei(aqML - 8) < x} = o{x)

TR P -1
- d(x){— + —(x“ - 13} + 0T,
YT 6/T

. _ B(8) _ J(8) +K(s)
1(e) /¢ 21(e)%° "’

R
—
!

L= o 31(8) ¥ 2K(e)
1 1(9)3/2 *

,.
. e

‘I,l ‘l "'
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7
3. NORMALIZING TRANSFORMATIONS

In this section we seek transformations of 5ML and aqML which make
the second-order terms of the Edgeworth expansions vanish. Let g(8) be a

three times continuously differentiable function. Notice that

v < ATTETG(5,) - ale) - /gt (o)
= JITT8T((8, - 8)g' (8) + 5(5, - 0)2g"*(8) - S1/g' (o)
+ higher order terms, (3.1)

- -~

where 8* is S OF eqML’ and ¢ is a constant. Then from (3.1) and Lemmas
2.1 and 2.2, it is not difficult to show the following theorems (see

Taniguchi (1986)).

Theorem 1, Under Assumptions 1-4,

Py /TTTET (g8, ) = 9(6) = $1/g'(0) < x]

= o(x) - o) [ 3000) 2. 2K(0) ,_3g'"(0) ;2
AT T I e
1/2
r L Kol ol 1 o). (3.2)

T s1(e) 2 9E]

Q
Corollary 1. Under Assumptions 1-4, if go(e) and s satisfy
' _ 3J(8) + 2K(s)
and
K(e)g' (o)
=- -2 (3.4)

61(s)°
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ps [/TTT8]) (95 (8 ) - 95(8) = P3/g(8) < x]
= o(x) + o(T7V). (3.5)

We seek the function go(') and the constant c_ which satisfy (3.3)

and (3.4). For ARMA (p,q) process with the spectral density (1.5), we

have

1(3,) = ———p, K(8)) = ——, J(8.) = ——3—,
o 8 I - %) o0 - 85)

¢°) = - —%, (3.6)

(see Taniguchi (1983)).

- - ~2 . . . .
Let % ML Bk,ML and ML be the maximum likelihood estimators of % s Bk and

02, respectively.

Case 1) If 6 =a, then

g, () =‘% Tog{(1 + o )/(1 - @)}

0
and
a
* "“J&—?‘-
° (] = ak)




2{? That is

f:; Pl[/T(l - ai)&% Tog{(1 + o

AL TR

-'_'-:. l *
‘ e - %-109{(1 +a)/(1 - o)} + "“"E"}‘i x]

T(1 - aﬁ)

- = o(x) + O(T")° (3.7)
8 Case II) Ifoe = By then

go(Bk) = By

and

That is

‘2;T - 8

. T[T K

® el =7 B - 8 - 1) = 1]
’ k

By = o(x) + o(T7)). (3.8)

O Case TII) If 6 = a°, then

90(02) = 62}]/3

SO
1
LA N

and

l{.f.
¥

0 % = = T

¢}

That is

-10/3

.‘! T3 /T
- e P2[ _97 }f..x]

7 2R

o

a4 s
AN

= 8(x) + 0(T"1). (3.9)

A
N e Ty
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As for the quasi-maximum likelihoad estimators, we have the following
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theorem similarily.

Theorem 2. Under Assumptions 1-4,
T " c '
Pe[JTTTET{g(eqML) - g(e) - F1/g'(8) < x]

- ) 1, _B(6) ko) _ _ e1(e)!/?
o(x) ¢(x)[;%§ 1) 72 e1(e)/2 - L8]

}

s 2o 3000) v 2kle) | 3¢''(e) .27, oy, (310
6/T 1(s)/% g'(8)I(s) '/ e ! ’

Corollary 2. Under Assumptions 1-4, if g](e) and ¢, satisfy

g1'(0)/g}(e) = H&) L 2K(6)

3178) (3.11)
and
L B(s) K(s)
c, = = g'(8){ + 1, (3.12)
1 I(e) 61(0)
then

- c
PZL/TI(@){91(eqML) - g,(8) - -%4/95(9)‘5 x1=o(x) +0(T"h),  (3.13)

By (3.3) and (3.11) we can see go(e) = g1(e). Thus for the quasi-
maximum likelihood estimators the same transformations as the maximum likeli-
hood estimators give the normalizing transformation. Also we can seek the

constant c, which satisfies (3.12). Since evaluations of B(8) are difficult

for general ARMA(p,q) processes, we consider the ARMA(1,1) process with the
spectral density
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Thus we have

sa) = {2 =800 = 2u6 4 82)2 ,
(1= a")(1 - a8)(1 -~ 87)

2

' ; (8 -~ a)(1 +8° - 248 = az + 3a283 ~ 2a8
B(8) 77 7
(1 - 8%)°01 - a8)(1 - a%)

(see Taniquchi (1983)), so we can give the explicit forms of

K(e)
6I(s)

B(e)

C] = - g'(e){I(e) + 2

2} for 8 = o, 8 and o°,
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4, NUMERICAL COMPARISONS

In this section we give some numerical comparisons related to the
approximation (3.7) in an autoregressive process xt = axt_, t e where

€t

|
are i.i.d.N(O,cZ). Let |
T-1 |
a tZ1xtxt+1
= (1 -7 " )———,
. T-1

ML
- 2 '
X 1

t=2 ¢

It is known (Fujikoshi and Ochi (1984)) that

PLITT(T (8, - o) < %} - PLOAT(aT(ay - a) < x} = o(T71),

Thus henceforth we use Oy in place of the exact maximum likelihood

estimator Gy * Let

LT (ax) = PI[/;“l'z(;ML - a) < x] = o(x)

PZ[IT(] - az){% Tog{(1 + &y )/(1 = Gy )}

*

R(T)(u,x)

- %— Tog{(1 + «)/(1 - a)} +——9—-2—} < x] - ¢(x)‘,
T(1 - o)

and

MM apx) = [PTHT( - 32005 10gt(1 + Gy )70 = Gy 1)

-%1@“1+®M1-ﬂ}+—;ﬁLr4ix]-Mﬂ
T(1 - G )
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Here the probabilities PT(~) are computed by 5000 trials simulation.

We can see that our transformations (even if the normalizing factor is
estimated) give better approximations than the usual normal approximation.
Tables I, II and III give the values of L(T)(a,x), R(T)(a,x) and M(T)(a,x)
respectively for T = 100, 300, « = -0.90(0.10)0.90 and x = -2.0(0.5)2.0.
From the tables, we observe that the transformations proposed by us give
better approximations than the usual normal approximations even if. the

normalizing factor is estimated.
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